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EFFECT OF OSCILLATOR INSTABILITY ON TELEMETRY SIGNALS 

Terry L. Grant and Randolph L .  Cramer 

Ames Research Center  

SUMMARY 

This  paper  d i s c u s s e s  short- term o s c i l l a t o r  i n s t a b i l i t y  and i t s  effect  on 
t e l eme t ry  s i g n a l s .  I n s t a b i l i t y  measurements a r e  r e l a t e d  t o  t h e  t o t a l  phase 
j i t t e r  expected i n  a t e l eme t ry  r e c e i v e r  and t h e  r e s u l t i n g  degradat ion o f  telem
e t r y  performance. The a n a l y s i s  o f  phase j i t t e r  p r e s e n t  i n  t h e  t e l eme t ry  
system of Pioneer  V I  through I X  s e rves  as an example. The i n s t a b i l i t y  i s  
desc r ibed  by t h e  measurement o f  o s c i l l a t o r  phase j i t t e r ,  and t h e  f u n c t i o n  and 
ope ra t ion  of t h e  measuring instrument are explained.  

INTRODUCTION 

In s p a c e c r a f t  t e l eme t ry  t h e  t r end  has been t o  use  a p u l s e  code 
modulation - phase s h i f t  keyed - phase modulated (PCM-PSK-PM) system because,  
with coherent c a r r i e r  d e t e c t i o n ,  such a system can t h e o r e t i c a l l y  provide t h e  
lowest e r r o r  r a t e  f o r  a given s i g n a l - t o - n o i s e  r a t i o  of a l l  t h e  known modula
t i o n  techniques.  The key f a c t o r  i n  ob ta in ing  t h i s  performance, however, i s  
t h e  coherent o r  phase - t r ack ing  d e t e c t i o n  p r o c e s s ,  and d e v i a t i o n  from t h i s  
i d e a l  model qu ick ly  causes  a l o s s  of performance. I t  was t h e  ques t  t o  make 
t h e  Pioneer t e l eme t ry  system perform as wel l  as p o s s i b l e  which motivated t h e  
measurement o f  o s c i l l a t o r  i n s t a b i l i t y  and t h e  a n a l y s i s  o f  i t s  e f f e c t  on a 
t e l eme t ry  sys t em.  (Performance he re  i s  understood as t h e  channel e r r o r  r a t e  
versus  a normalized s i g n a l - t o - n o i s e  r a t i o . )  Lack of coherence i n  c a r r i e r  
t r a c k i n g  a l s o  a f f e c t s  t h e  r e s o l u t i o n  of any range and range r a t e  measurements 
t h a t  may be made on t h e  t e l eme t ry  c a r r i e r .  

In t h e  design of an optimum coherent ,  o r  phase- t racking t e l e m e t r y  system, 
s e v e r a l  sources  of phase j i t t e r  must be considered.  The most obvious source 
i s  t h e  a d d i t i v e  n o i s e  i n  t h e  bandwidth o f  t h e  t r a c k i n g  loop. A second source 
o f  phase j i t t e r  i s  o s c i l l a t o r  i n s t a b i l i t y  i n  t h e  t r a n s m i t t e r  r e f e r e n c e  o s c i l 
l a t o r  o r  t h e  r e c e i v e r  vo l t age  c o n t r o l l e d  o s c i l l a t o r  (VCO). Other sou rces  are 
propagat ion anomalies t h a t  a f f e c t  t h e  phase o f  t h e  c a r r i e r .  The l a t t e r  are 
caused by small t i m e  varying changes i n  t h e  d i e l e c t r i c  medium ( r e f .  1). Only 
o s c i l l a t o r  i n s t a b i l i t y  as a source o f  phase j i t t e r  w i l l  be t r e a t e d  h e r e  and 
i t s  e f f e c t s  on t h e  performance o f  a one-way (spacecraf t - to-ground)  t e l e m e t r y  
system w i l l  be analyzed.  I t  then  w i l l  be shown how t h i s  source of phase 
j i t t e r  forms an important bound on t e l eme t ry  performance. 
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Th.is paper  i s  a t u t o r i a l  d e s c r i p t i o n  o f  o s c i l l a t o r  i n s t a b i l i t y  and i t s  
effects on a phase lock loop (PLL) . Measured phase j i t t e r  i s  used t o  analyze 
s t a t i s t  i. c a l l y  t h e  c o n d i t i o n s  under which t h i s  j i t t e r  w i l l  degrade t h e  p e r f o r 
mance o f  a one-way (spacecraf t - to-ground)  t e l e m e t r y  system. The appendixes 
d i scuss  t h e  concepts of p r o b a b i l i t y  and s ta t i s t ics  which are key t o  t h e  analy
sis.  F i n a l l y ,  t h e  o s c i l l a t o r  i n s t a b i l i t y  measuring instrument  i s  desc r ibed  
and t h e  r e s u l t s  o f  measurements on t h e  o s c i l l a t o r  c i r c u i t s  of t h e  Pioneer  
t r a n s m i t t e r  are p r e s e n t e d .  These d a t a  formed t h e  b a s i s  f o r  t h e  assumptions o f  
t h e  c h a r a c t e r  o f  o s c i l l a t o r  i n s t a b i l i t y .  (The Pioneer t e l eme t ry  system 
provided t h e  example t h a t  motivated t h e  a n a l y s i s  o f  t h e  e f f e c t  of o s c i l l a t o r  
i n s t a b i l i t y  on a t e l e m e t r y  system.) 

ANALYSIS 

The key f a c t o r  i n  o b t a i n i n g  optimum performance with a PSK communication 
system i s  maintaining a coherent  r e fe rence  t o  compare with t h e  t r a n s m i t t e d  
s i g n a l .  Although t h e o r e t i c a l l y  no s i g n a l  power i s  allowed f o r  t h i s  r e f e r e n c e ,  
it i s  necessa ry  i n  p r a c t i c e .  T h e o r e t i c a l l y ,  both t h e  t r a n s m i t t e r  and t h e  
r e c e i v e r  have p e r f e c t  t i m e  information a v a i l a b l e ;  t h e r e f o r e  nothing would be 
gained by inc lud ing  a t ime r e f e r e n c e  with t h e  s i g n a l .  In  r e a l i t y ,  s u f f i c i e n t l y  
a c c u r a t e  time information i s  no t  a v a i l a b l e  t o  allow coherent  phase de. tect ion.  
The fol lowing example i l l u s t r a t e s  t h i s  p o i n t .  Suppose t h e  c locks  a t  a t r a n s 
mit ter  and r e c e i v e r  measure t ime t o  a r e l a t i v e  accuracy o f  51 us (a d i f f i c u l t  
f e a t  w i th in  t h e  p r e s e n t  s t a t e  of t h e  a r t ) .  Suppose f u r t h e r  t h a t  t h e  known 
s i g n a l  i s  PSK modulated o f  t h e  form, s in [wc( t  + t o )  k ~ r / 2 ] ,  where to corresponds 
t o  a known time of a maximum modulated s i g n a l .  The r e c e i v e r  would m u l t i p l y  t h e  
incoming s i g n a l  by cos wc(t + to ?At) and average t h e  r e s u l t  over one symbol 
pe r iod .  The d e c i s i o n  t h a t  t h e  t r a n s m i t t e d  7r/2 r a d  phase s h i f t  i s  p l u s  o r  minus 
depends on whether t h e  average i s  p o s i t i v e  o r  nega t ive .  I t  i s  obvious from 
f i g u r e  l ( b )  t h a t  t h e  average r e s u l t  i s  zero and no information i s  r ece ived  

( 2 )  C O S  w,(t+t,+ A t ) j  A t =  0 ( 2 )  C O S  w c ( t  + t o  + A t ) j  A t  = T / ~ w ,  

The product  o f  I and 2 The p roduc t  of I and 2 

(a) Correct time information. (b) Time error At = n/2wc. 

Figure 1.-Effect of incorrect time on phase detection. 
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i f  A t  = .rr/2wc. I t  can be e a s i l y  shown t h a t  if A t  i s  s l i g h t l y  g r e a t e r  t han  
.rr/2wc, t h e  wrong d e c i s i o n  would be made. Since A t  = imp l i e s  t h a t  
wc < .rr/2x106, t hen  wc/2.rr = f c  would have t o  be less than  1/4 MHz f o r  coher
e n t  d e t e c t i o n ,  a frequency much t o o  low f o r  s p a c e c r a f t  communication. There
f o r e  t h e  r e l a t i v e  t i m e  must be de r ived  from t h e  s i g n a l  i t s e l f ,  which i s  t h e  
f u n c t i o n  o f  a phase t r a c k i n g  receiver.  In  t h e  design o f  such a r e c e i v e r  
o s c i l l a t o r s  are n o t  as i d e a l  as p o s t u l a t e d  f o r  t h e  above example. An o s c i l 
l a t o r  has  phase i n s t a b i l i t y ,  and t h i s  i n s t a b i l i t y  can b e  modeled i n  terms of 
t h e  above d i scuss ion  by l e t t i n g  A t  be a random process  i n s t e a d  of a f i x e d  
u n c e r t a i n t y .  Thus, even with t h e  phase t r a c k i n g  r e c e i v e r ,  t h e  ques t ion  t o  be 
answered is: For a given s i g n a l  frequency, what i s  t h e  maximum va r i ance  o f  
A t  t h a t  a l lows t h e  d e t e c t i o n  p rocess  t o  be considered coherent?  More s p e c i f 
i c a l l y ;  How does performance d i f f e r  from t h a t  of coherent d e t e c t i o n  as a func
t i o n  o f  A t  vs .  l /fc o r ,  e q u i v a l e n t l y ,  t h e  r a t i o  At/Tc (where Tc i s  t h e  
pe r iod  corresponding t o  f,)? This r a t i o  r e l a t e s  j i t t e r  i n  t ime t o  j i t t e r  i n  
f r a c t i o n s  of a c y c l e ,  bu t  more conven t iona l ly ,  t h e  r a t i o  i s  m u l t i p l i e d  by 
2 ~ r  t o  r e l a t e  t ime j i t t e r  t o  r ad ians  of "phase" j i t t e r .  Note t h a t  frequency 
i s  a r a t e  o f  change of phase; t h a t  i s ,  wc  4 A + / A t  o r  A +  = w c A t  = 2.rrAt/Tc; so  
t h e  d e f i n i t i o n s  a r e  c o n s i s t e n t .  The r e s t  o f  t h i s  d i s c u s s i o n  w i l l  concern time 
u n c e r t a i n t y  expressed as phase j i t t e r .  

The f irst  ques t ion  regarding a t e l eme t ry  system with coherent d e t e c t i o n  
is: How much phase j i t t e r  can be t o l e r a t e d  before  t h e  system performance i s  
degraded? Before one can answer t h a t  ques t ion  t h e  c h a r a c t e r  of t h e  phase 
j i t t e r  must be known. 

C h a r a c t e r i z a t i o n  of Phase J i t t e r  

I t  should be emphasized a t  t h i s  p o i n t  t h a t  d i scuss ing  only "phase" 
j i t t e r  r e s t r i c t s  t h e  type  of o s c i l l a t o r s  considered.  In p a r t i c u l a r ,  t h e  
assumption i s  t h a t  t h e  o s c i l l a t o r  average frequency, denoted by 

does no t  d r i f t  i n  t h e  i n t e r v a l  o f  i n t e r e s t  (up t o  100 s ) .  Thus t h e  time 
waveform o f  t h e  o s c i l l a t o r  can be r ep resen ted  as 

where G i s  an a r b i t r a r y  cons t an t ,  t i s  t ime, and + ( t )  i s  a r e a l i z a t i o n  of 
a random process  (descr ibed as A +  above) with an expected va lue  E ( + )  = 0.  
The term + ( t )  accounts f o r  t h e  d i f f e r e n c e  between t h e  a c t u a l  t ime o f  zero 
c ros s ing  of t h e  waveform and t h e  expected t ime of zero c ros s ing  of t h e  func
t i o n  cos 2&. If t h e  waveform i s  phase modulated by a t e l eme t ry  s i g n a l ,  it 
takes t h e  form M(t) = G cos [2.rrFt + $ ( t )  + f3(t)] where O(t)  i s  t h e  t e l eme t ry
information.  A common way t o  c h a r a c t e r i z e  + i s  by i t s  power s p e c t r a l  
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d e n s i t y ,  which i s  u s e f u l  ( f o r  our  purpose) because i n  t h e  phase domain t h e  
t e l eme t ry  information can be s e p a r a t e d  from t h e  n o i s e  i f  t h e  power s p e c t r a l  
d e n s i t i e s  o f  each are compared. Let S (0) b e  t h e  power s p e c t r a l  d e n s i t y  o f  
9 ( t ) .  Many r e s e a r c h e r s  i n  t h e  f i e l d  of 9o s c i l l a t o r  s t a b i l i t y  have s t u d i e d  
S@(w) .  The r e s u l t i n g  c h a r a c t e r i z a t i o n  has  been r e p o r t e d  i n  r e f e r e n c e s  1 and 
2, which list numerous r e f e r e n c e s ,  s o  t h e  r e s u l t s  w i l l  be s t a t e d  h e r e  only 
b r i e f l y .  The power s p e c t r a l  d e n s i t y  of t h e  phase j i t t e r  can be r ep resen ted  
by t h e  fol lowing polynomial: 

i n  which A, B,  C y  and D a r e  c o n s t a n t s .  The terms o f  t h e  polynomial can be 
explained as fo l lows .  

Within t h e  tuned c i r c u i t  of an o s c i l l a t o r ,  p e r t u r b a t i o n s  (noise)  cause 
frequency changes. Two sources  o f  n o i s e  are c h a r a c t e r i z e d .  Because of ampli
f i e r  gain v a r i a t i o n s  and v a r i a t i o n s  i n  t h e  c r y s t a l  i t s e l f  t h e r e  i s  a f l i cke r  
(l/w) component o f  n o i s e  and, because o f  t he rma l ly  induced v o l t a g e s  i n  t h e  
c i r c u i t  l o s s e s ,  t h e r e  i s  a f l a t  component of n o i s e .  Together t h e s e  components 
form-a frequency power s p e c t r a l  d e n s i t y  S$(w) = A/w + B ( r a d 2 / s 2 ) / r a d .  Since 
w = 9 ,  t h e  equ iva len t  phase power s p e c t r a l  d e n s i t y  S$(w) can be de r ived  from 
t h e  frequency spectrum. The equivalence can be r e a d i l y  shown (although t h e  
method i s  no t  Fa themat i ca l ly  r igo rous )  u s i n g  F o u r i e r  t ransform theo ry .  The 
t ransform of $ ( t )  i s :  

but  213[9 I t ) ]  1 can be termed t h e  power s p e c t r a l  d e n s i t y ,  SQ(W) .  Thus t h e  power 
s p e c t r a l  d e n s i t y ,  S+i(w), of t h e  i n t e r n a l l y  generated n o i s e  i s  

S$. (w) = 31 S i  (w) = -A + %r ad2 / r ad  
1 w 3  w (4) 

Outside t h e  tuned c i r c u i t ,  a m p l i f i e r s  and m u l t i p l i e r s  ope ra t e  on t h e  
o s c i l l a t o r  s i g n a l ,  and p e r t u r b a t i o n s  i n  t h e s e  c i r c u i t s  cause phase j i t t e r .  
These p e r t u r b a t i o n s  can a l s o  be e i t h e r  f l a t  o r  l / w .  This  power s p e c t r a l  
d e n s i t y  i s  l a b e l e d  S + o ( ~ )  = C / w  + D r ad2 / r ad .  If $ i  and +o a r e  s t a t i s t i 
c a l l y  independent, t h e  combined power s p e c t r a l  d e n s i t y  i s  

'+i+ 90 ( w )  = A / 0 3  + B/u2 + C / w  + D r ad2 / r ad  

where t h e  c o n s t a n t s  A, B, C ,  and D w i l l  be d i f f e r e n t  f o r  d i f f e r e n t  c i r c u i t s  
and a l s o  dependent on t h e  choice of  components. 

Equation ( 2 )  g i v e s  an i d e a  of t h e  q u a l i t a t i v e  c h a r a c t e r  of t h e  modulation 
phase j i t t e r .  For l a r g e  f r equenc ie s ,  SQ (w) appears  t o  be f l a t  and f o r  

4 
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components n e a r  D.C .  it appears t o  be s t e e p l y  r i s i n g .  The assignment o f  
q u a n t i t a t i v e  va lues  of phase j i t t e r  t o  t h e  o s c i l l a t o r s  and carr ier  i n  t h e  
design o f  a t e l eme t ry  system can only be done by measurement. Unfortunately 
t h e  implementation o f  such a measurement i s  n o t  e a s i l y  accomplished. 

The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of phase j i t t e r  i s  gaussian with r e s p e c t  
t o  some r e f e r e n c e  phase i f  t h e  phase domain i s  un l imi t ed .  However, when 
dea l ing  with p e r i o d i c  f u n c t i o n s  of phase,  as i n  a phase t r a c k i n g  r e c e i v e r ,  w e  
t h i n k  o f  phase as being r e s t r i c t e d  t o  t h e  r eg ion  from -IT t o  +T r a d i a n s ;  
t h u s  t h e  d e n s i t y  must be modified by "folding over  t h e  ta i ls"  of t h e  gaussian 
p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  V i t e r b i ' s  formulat ion ( r e f .  3,  p. 90) f o r  t h e  
modified p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  

a cos 9 e 
= 2T1, (a)' l o 1  < (5 1 

where Io i s  t h e  ze ro th -o rde r  modified Bessel f u n c t i o n  Io(a) = -1 e COS edB 
= o  

(see eq. 9.6.19, p.  3 7 6 ,  r e f .  4 ) .  I n  t h e  ensuing d i s c u s s i o n ,  a l i n e a r  model 
w i l l  be assumed i n  which a = l / u $  and uf i s  t h e  v a r i a n c e  of 4. I t  should 
be r e a l i z e d  t h a t ,  f o r  t h e  o p e r a t i n g  range of  i n t e r e s t  f o r  a phase t r a c k i n g  
r e c e i v e r  (09 < ~ / 4  i s  a r easonab le  bound f o r  "in-lock" c o n d i t i o n s ) ,  t h i s  
d e n s i t y  looks much l i k e  a gaussian d e n s i t y  (see f i g s .  2 and 3 ) .  

1.4 I I I I 

I .2 

I O  

8 

.6 


u+ = 0.203 
4 

Figure 2.- Comparison plot of two formulations of the probability density function of phase jitter; 

n($) = (e*~~/2)/(2n/a)*1 2  , p(+) = (ea COS @ ) / ~ ~ T I ~ ( ( Y ) ,(Y = I / o ~ .  

5 



.5 I 

.4 

.3 


.2 


.I 

0 
-.8 7r -.4 ?r .47r 

+, rod 

Figure 3.-Comparison plot of two formulations of the probability density function of phase jitter; 
n(G) = (e*Gz/2)/(2n/a)'/', p(@) =(ea COS @ ) / 2 n 1 ~ ( a ) ,a =l/a$. 

T o t a l  Phase J i t t e r  i n  a Telemetry Receiver 

The d i scuss ion  s o  f a r  has  concerned t h e  c h a r a c t e r  of phase j i t t e r  i n  an 
o s c i l l a t o r  o r  t r a n s m i t t e r ;  now it will be shown how t h i s  j i t t e r  i s  manifested 
when f i l t e r e d  by a phase lock loop r e c e i v e r .  F i r s t ,  however, t h e  func t ion ing  
of a phase lock loop (PLL) w i l l  be reviewed. Although t h e  r e c e i v e r  i s  more 
complex, it w i l l  be s u f f i c i e n t  t o  assume i t  t o  be a simple second-order loop. 
The PLL t r a c k s ,  o r  fo l lows ,  both t h e  phase and t h e  frequency of a s i g n a l  and 
e f f e c t i v e l y  f i l t e r s  out  a l l  but  a narrow band of n o i s e  cen te red  on t h e  s i g n a l  
frequency. 

Three components a r e  used t o  mechanize t h e  PLL:  A phase d e t e c t o r  
m u l t i p l i e s  t h e  inpu t  s i g n a l  by a r e f e r e n c e  frequency t o  e x t r a c t  t h e  r e l a t i v e  
phase e r r o r ;  a low pass  f i l t e r  removes a l l  but t h e  s lowly varying o r  "D.C." 
components of t h e  phase e r r o r ;  and a vo l t age  c o n t r o l l e d  o s c i l l a t o r  (VCO) 
gene ra t e s  t h e  r e f e r e n c e  frequency f o r  t h e  phase d e t e c t o r .  The VCO changes 
frequency i n  p ropor t ion  t o  t h e  output of t h e  low-pass f i l t e r .  A l i n e a r ,  phase 
domain model of t h e  PLL w i l l  be used f o r  a n a l y s i s  because it i s  d i r e c t l y  a p p l i 
cab le  f o r  small phase j i t t e r ,  and t h e  l i n e a r  model i s  r equ i r ed  f o r  Four i e r  
transform a n a l y s i s .  The phase- to-vol tage t r a n s f e r  f u n c t j  on of t h e  phase 
d e t e c t o r  i s  de r ived  from t h e  low-frequency p a r t  o f  t h e  t r i gonomet r i c  i d e n t i t y  

sin(w t + 4 . )  cos(w t + 4,) = 1 / 2  s i n ( + i  - $o) + 1 / 2  sin(2w t + +i + $o)
C 1 C C 
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and from t h e  approximation ($i - 9,) small, s i n ( $ i  - $ o )  = ($i - $ o ) .  The 
vol tage- to-phase t r a n s f e r  f u n c t i o n  r ep resen t ing  t h e  VCO can be seen t o  inc lude  
i n t e g r a t i o n  l / j w ,  s i n c e  a v o l t a g e  o f f s e t  causes a frequency o f f s e t ,  which i s  
a ramp i n  phase. Thus, we have t h e  l i n e a r  model: 

Adder loop flller Units 

Int egrot or 

Sketch (a) 

Define 

and f o r  s i m p l i c i t y  l e t  KD = 1. Then 

+For a second-order loop, F(jw) = ( j w ~ ~l) / jwTl (which provides  p r o p o r t i o n a l  

p l u s  i n t e g r a l  c o n t r o l ) ,  and t h e  phase t r a n s f e r  func t ion  becomes 

The phase e r r o r  i s  

where 6 = ( ~ ~ / 2 ) ( K / - r , ) ’ / ~i s  t h e  loop damping f a c t o r  ( 6  = 0 . 7  f o r  c r i t i c a l  
damping) and wn = ( K / T ~ ) ’ / ~i s  t h e  n a t u r a l  frequency of t h e  loop. See 
f i g u r e s  4 and 5.  
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Figure 4.- Phase transfer response for a high-gain, second-order loop where 6 
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Figure 5.- Phase error response for a high-gain, second-order loop where 6 = 0.707 

To understand how t h e s e  func t ions  a f f e c t  t h e  t o t a l  r e l a t i v e  j i t t e r  i n  t h e  
r e c e i v e r ,  one must d i f f e r e n t i a t e  between what we s h a l l  c a l l  i n t e r n a l  and 
e x t e r n a l  sources  o f  phase j i t t e r  on t h e  incoming s i g n a l .  " In t e rna l "  means 
phase j i t t e r  t h a t  i s  t r u l y  p a r t  of t h e  s i g n a l  as descr ibed i n  t h e  previous 
s e c t i o n ,  and f o r  s i m p l i c i t y  i t  inc ludes  any i n h e r e n t  VCO i n s t a b i l i t y  s i n c e  w e  
are concerned with r e l a t i v e  j i t t e r  between s i g n a l  and VCO. "External" j i t t e r  
means phase j i t t e r  a r i s i n g  from thermal n o i s e  and i s  i n v e r s e l y  p r o p o r t i o n a l  t o  
t h e  s i g n a l - t o - n o i s e  r a t i o  i n  t h e  r e c e i v e r  PLL. The p o r t i o n  of t h e s e  types of 
j i t t e r  which appear a t  t h e  r e c e i v e r  phase d e t e c t o r  w i l l  be designated Oinand O x ,  r e s p e c t i v e l y .  

The frequency spectrum S i s  f l a t  and t h e  p o r t i o n  nea r  t h e  s i g n a l  
OX 

frequency i s  t r acked  out  by t h e  r e c e i v e r .  Thus t h e  t o t a l  power out of t h e  
r e c e i v e r  phase d e t e c t o r  due t o  t h i s  phase j i t t e r  i s  p r o p o r t i o n a l  t o  

8 



= So, 	 /Wif [ H ( j w ) I 2  dw 
0 

or 


where (N/S)L i s  de f ined  as t h e  no i se - to - s igna l  r a t i o  measured i n  t h e  loop 
( r e f .  5 ) ,  BL i s  t h e  s t anda rd  d e f i n i t i o n  of a s i n g l e  s i d e d  n o i s e  power band
width f o r  a PLL,  and w i f  i s  h a l f  t h e  in t e rmed ia t e  frequency bandwidth i n  
r a d / s .  For w i f k  100 wn,  and with a c r i t i c a l l y  damped PLL, BL = 0.53wn Hz 
( r e f .  5 ) .  (The bandwidth l i m i t a t i o n  wif  i s  due t o  t h e  in t e rmed ia t e  frequency 
bandpass of t h e  r e c e i v e r  which may be thought of as p r e f i l t e r i n g  t h e  l i n e a r  
model of t h e  PLL.) 

The frequency spectrum S+(w) as descr ibed i n  t h e  p rev ious  s e c t i o n  i s  

( t h e  C term i s  n e g l i g i b l e  i n  most o s c i l l a t o r s )  and t h e  p o r t i o n  of t h i s  
spectrum which appears as phase j i t t e r  i n  t h e  r e c e i v e r  i s  t h a t  which i s  not 
t r a c k e d  by t h e  PLL ( i . e . ,  t h e  phase e r r o r ) .  Thus t h e  t o t a l  power out o f  t h e  
r e c e i v e r  phase d e t e c t o r  due t o  t h i s  phase j i t t e r  i s  p r o p o r t i o n a l  t o  

The exact computation of t h i s  i n t e g r a l  i s  t e d i o u s ,  bu t  t h e  r e s u l t  can be 
bounded and t h e  important terms can be found by ap roximating t h e  phase e r r o r  
f u n c t i o n  from f i g u r e  4. Let I 1 - H(jw) I (w’/w>) f o r  w 5 wn, and l e t  
11 - H(jw) I = 1 f o r  w > wn. The approximation t o  t h e  above i n t e g r a l  i s-
defined by U:n: 
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w 

l o o w ,  A 
= 4 1 /wn(Au + Bw2 + D w 4 ) d w  + J (7B 

+- w2 + D)dw 
0 % 

+-+-]3 5Bw3 Dw5 wn + [& --+w DwI 1 O o w n  
0 Wn 

A + % ]+ [-2 A - A +- B -B 
- Dun +2 ~ n  2 x 1 0 4 ~ ~ 2  wn - 1OOwn 

(13)
Neglecting terms i n  A ,  B,  and D o f  1%o r  l e s s ,  

- Aufn =- A 2 + 2 w , - z + - - +- B + 100Dwn 
2wn 3wn wn 

o r  

u ?  = - A +- 4B + l O O D w n  r a d i a n s 2
I n  wn2 3wn 

Then 

4BuRMs v';r;. A 
+ 3w, + 100Dwn rad ians  = 

where 

From measurements on t h e  Pioneer s p a c e c r a f t  t r a n s m i t t e r  (see measurement 
r e s u l t s ,  p .  22) t y p i c a l  numbers can be assigned t o  t h e  c o n s t a n t s  A ,  B ,  and D 
a t  S-band frequency t o  g ive  a b e t t e r  p e r s p e c t i v e  o f  t h e  important terms f o r  a 
narrow PLL ( ~ B L< 100 Hz). Typical values  a r e  A = 0.5  r a d 5 / r a d ,  B = 
r a d 4 / r a d ,  D = 2xlO- 'O r ad2 / r ad .  Thus t h e  A term c l e a r l y  dominates f o r  
wn < 100 r ad .  Figure 6 shows t h a t  t h e  approximation f o r  11 - H ( j w )  I ( A / w 3 )  i s  
an upper bound f o r  t h i s  term. I t  has been shown by approximation t h a t  only 
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Figure 6.-Power spectral density (PSD) for the relative phase error in a phase lock loop where the predominate 
phase jitter has PSD form A / 0 3 .  The PSD is in dB relative to  A l a n 3 .  

11- I I I l l I I I I I I I I I  I I 1 1 1 I l ~ I  t h e  A term i s  important ,- -
-

~ and f o r t u n a t e l y  i t s  c o n t r i -
- - bu t ion  t o  $ms can be 
- - c a l c u l a t e d  accu ra t e ly  ( see- 

n appendix A ) .  Figure 7 
e -

- shows Urns and $RMS f o r  
VI 
n t h e  A term versus  2 B L .  

B 
I - ~ -a :  
- - The va lue  of  s e p a r a t i n g-

VI 

-z 

E -
-

- t h e  two components o f  phase 
3 - - j i t t e r  l i e s  i n  exposing 

- - cond i t ions  under which 
- o s c i l l a t o r  i n s t a b i l i t y  o r- -

$fn must be  cons idered  i n  
01

I 
I 1 I I I 1 1 1 l  I I I I 1  I I I I  t h e  des ign  o f  t h e  th re sho ld  

1 
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-
i s  based on only t h e  s i g n a l - t o - n o i s e  r a t i o  i n  t h e  loop o r  +$. I n  most 
receivers t h e  phase d e t e c t o r  i s  preceded by a bandpass l imiter which suppresses  
t h e  s i g n a l  and the reby  reduces t h e  loop bandwidth a t  s i g n a l - t o - n o i s e  r a t i o s  
n e a r  t h r e s h o l d .  Therefore  it i s  n o t  s u r p r i s i n g  t h a t  $ in  can be a small phase 
j i t t e r  under s t r o n g  s i g n a l  cond i t ions  (where ~ B Li s  l a r g e )  and s t i l l  be l a r g e  
enough t o  reduce performance from t h e  des ign  va lue  when t h e  r e c e i v e r  i s  near 
t h r e s h o l d  (where ZBL is  s m a l l ) .  Note t h e  10-times i n c r e a s e  i n  +ws f o r  a 
10 t o  1 change i n  ~ B Li n  f i g u r e  7 .  

E f f e c t  of I n t e r n a l  Phase J i t t e r  on PCM Telemetry Performance 

In o r d e r  t o  c a l c u l a t e  t h e  e f f e c t  of i n t e r n a l  phase j i t t e r  on t e l eme t ry  
performance, s e v e r a l  assumptions are needed t o  f u r t h e r  d e f i n e  t h e  problem 
and l i m i t  t h e  complexity o f  t h e  s o l u t i o n :  

1. 	 The r e c e i v e r  acts as a s i n g l e  conversion type  with t h e  PLL phase d e t e c t o r  
ope ra t ing  a t  t h e  c a r r i e r  frequency. The PLL i s  a second-order type 
c r i t i c a l l y  damped as descr ibed i n  t h e  previous s e c t i o n .  

2 .  	 The e f f e c t  o f  r e c e i v e r  thermal n o i s e  i n  t h e  t r a c k i n g  loop bandwidth w i l l  
be ignored f o r  t h i s  p a r t  of t h e  d i s c u s s i o n  ( i . e . ,  only $in i s  
cons ide red ) .  

3 .  	 No d i f f e r e n t i a t i o n  w i l l  be made between phase j i t t e r  o r i g i n a t i n g  i n  t h e  
t r a n s m i t t e r  and t h a t  o r i g i n a t i n g  i n  t h e  r e c e i v e r .  A l l  t h e  j i t t e r  i s  
shown i n  t h e  r e c e i v e r  VCO. For t h e  purpose o f  c a l c u l a t i n g  t h e  e f f e c t  on 
t e l eme t ry  e r r o r  r a t e ,  only t h e  r e l a t i v e  j i t t e r  i s  o f  concern. 

4 .  	 The problem o f  s u b c a r r i e r  demodulation w i l l  be considered n e g l i g i b l e ;  
t h e r e f o r e  t h e  carr ier  inpu t  t o  t h e  t e l eme t ry  phase d e t e c t o r  i s  modeled 
as being d i r e c t l y  phzse modulated with PCM. Also, p e r f e c t  b i t  
synchron iza t ion  i s  assumed. The block diagram of t h e  model i s :  

In  t h e  model, n ( t )  i s  t h e  r e c e i v e r  a d d i t i v e  
G cos w,t wr-l n o i s e  r ep resen ted  by i t s  in-phase and 

quadra tu re  components, and epL i s  t h e  
sin[w,t ++in( t I] baseband t e l eme t ry  s i g n a l .  Thus 

G cos[w,t + M (  t ) ]  
e = G cos [act + M(t)] + n i ( t )  cos w t + 

n (  t 4n ,  ( t cos w,t + n,( t ) sin w,i 
0 C 

n ( t )  s i n  w c t  
9

Sketch (b) 

e = e s i n  [ w c t  + $ ( t ) ]
P O 

(For s i m p l i c i t y  t h e  s u b s c r i p t  "in" i s  dropped from Ip ( t )  .) Using t r igonomet r i c  
i d e n t i t i e s  and n e g l e c t i n g  h ighe r  frequency terms ( the  low pass  f i l t e r  removes 
a l l  high o r d e r  t e rms) :  

1 2  



b u t  t h e  first term can be wr i t t en  
G-2 cos $ ( t )  s i n  M(t) + G s i n  $ ( t )  cos M(t) 

Note : 
A

M(t) = +d f o r  PSK; cos kd = cos d = y (y i s  a cons t an t )  

Then 

G G ni ( t l  n ( t )  
ePL = -2 s i n  M(t) cos  $ ( t )  + -2 y s i n  $ ( t )  + -2 s i n  + ( t >  + +-cos $ ( t )  

In t h e  above equat ion 

1. -G y s i n  $ ( t )  has a n o i s e  spectrum nea r  DC, bu t  i n  p r a c t i c e  t h e  d a t a  are
2 

on a s u b c a r r i e r ;  t h u s  t h i s  term i s  f i l t e r e d  0 u t . l  


n ( t )  
2 .  	

ni ( t )  
s i n  + ( t )  + 9cos $ ( t )  i s  an expansion of n ( t )  as shown i n  

2 2 
ske t ch  ( b ) .  

Therefore  

- n ( t )
ePL - T s i n  M(t) cos $ ( t )  + -

2 

where G s i n  M(t) = +K; t h e  magnitude o f  K i s  determined by t h e  modulation 
index and t h e  s i g n  determined by t h e  t e l eme t ry  (+ corresponds t o  one; 
- corresponds t o  ze ro ) .  

For c o r r e l a t i o n  and matched f i l t e r  d e t e c t i o n  of a b ina ry  s i g n a l  such as 
t h i s ,  t h e  fol lowing d e c i s i o n  v a r i a b l e  i s  formed: 

qk = I T [ ( * K  COS $ ( t )  + n ( t ) ) ] d t  
0 


= tKJTcos $ ( t ) d t  
0 

The symbol "onet' i s  s e n t  i f  qk i s  p o s i t i v e  o r  "zero" i f  qk i s  nega t ive .  

Now 
Pe = P r ( e r r o r )  where P r (  - ) i s  t h e  p r o b a b i l i t y  of t h e  event  ( . ) . __ 

'This i s  s t r i c t l y  t r u e  only f o r  small $ ( t )  where s i n  0( t )  $ ( t ) .  With 

% = n/4, t h e  s i n  $ ( t )  w i l l  have energy a t  harmonics o f  t h e  bandwidth of $ ( t ) ,  
bu t  only t h e  h i g h e r  harmonics would be i n  t h e  bandpass o f  t h e  s u b c a r r i e r ,  and 
they  a r e  small enough t o  be neg lec t ed .  
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Also, by symmetry, 

P r ( e r r o r / l )  = Pr(error /O) and Pr (1)  + Pr(0)  = 1 

t h u s  

P = P r ( e r r o r / l )e 

Therefore  i t  i s  necessary  t o  use  only 

1q1 = K L  cos $ ( t )  d t  +iln ( t ) d t  

To c a l c u l a t e  t h e  e r r o r  p r o b a b i l i t y ,  q1 can be normalized by mul t ip ly ing  by 
1/KT without  changing t h e  dec i s ion  p o i n t ;  t hen  

and 

P e = P r  ( e r r o r / l )  =Lmopq(x) dx 

where p
9 

(x) i s  t h e  p r o b a b i l i t y  d e n s i t y  func t ion  of  q .  Unfor tuna te ly ,  
f i nd ing  t h e  p r o b a b i l i t y  d e n s i t y  of q i s  no t  easy.  A s  can be seen from t h e  
above equat ion ,  q i s  t h e  sum o f  two random v a r i a b l e s  which we w i l l  assume t o  
be independent .  

1The second term, TK 4T n ( t ) d t ,  i s  t h e  random v a r i a b l e  der ived  from a 
white  gauss ian  process ;  it a l s o  i s  gauss ian  wi th  zero mean and va r i ance  
o2 = No/2K2T. (No = s ing le - s ided  dens i ty ;  see appendix D f o r  eva lua t ion  of t h i s  
term.)  

The p r o b a b i l i t y  d e n s i t y  func t ion  o f  t h e  sum can be found by convolut ion 
( see  appendix E ) :  

( 2 3 )  

If  $ ( t )  i s  small ( i . e . ,  $ ( t )  << 1)  g(x)  approaches a d e l t a  func t ion  a t  x = 1, 
then  p9(x) i s  a gauss ian  d e n s i t y  wi th  mean one. We know t h a t  f o r  a gauss ian  
pq (x ) ,  Pe i s  t h e  e r r o r  func t ion  f o r  coherent  PSK given by 
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-- 

I 


NO0 2  = 
2K2T 

By a change o f  v a r i a b l e ,  t h i s  can be  w r i t t e n  

( r e f .  6)  (24) 

Finding t h e  p r o b a b i l i t y  d e n s i t y  func t ion  o f  t h e  f i r s t  term i s  t h e  main 
1

problem. The p r o b a b i l i t y  d e n s i t y  func t ion  of  ?; jOTcos $ ( t ) d t  has  no t  been 
found i n  gene ra l  f o r  t h e  case where S$(w)  i s  a r b i t r a r y  and $ ( t )  is  assumed 
t o  be a gauss ian  process  ( see  appendix B). Therefore ,  t h e  a n a l y s i s  w i l l  be 
r e s t r i c t e d  t o  t h e  case when t h e  symbol p e r i o d  T i s  s h o r t  compared t o  t h e  
t i m e  r equ i r ed  f o r  $ ( t )  t o  change apprec iab ly .  

Symbol r a t e s  l a r g e r  t han  t h e  loop n o i s e  bandwidth are t h e  main concern 
because t h e  performance degrada t ion  f o r  coded t e l eme t ry  i s  of  primary i n t e r e s t  
and t h e  symbol r a t e  f o r  coding i s  r e l a t i v e l y  h igh .  To i l l u s t r a t e  t h i s  p o i n t ,  
l e t  Pe = 0.001, corresponding t o  a normalized s i g n a l - t o - n o i s e  r a t i o  of  6 . 8  dB. 
I f  t h e  loop bandwidth were equal  t o  t h e  symbol bandwidth and t h e  power s p l i t  
equa l ly  between t h e  c a r r i e r  and t h e  symbol, t h e  loop s i g n a l - t o - n o i s e  r a t i o  
would be a t  t h re sho ld  (6 dB) which means, of course ,  t h a t  t h e  r e c e i v e r  would 
ha rd ly  maintain lock .  Ac tua l ly  lower symbol s i g n a l - t o - n o i s e  r a t i o s  a r e  used 
and less power i s  allowed f o r  t h e  car r ie r .  Thus t o  main ta in  a h ighe r  s i g n a l 
to -no i se  r a t i o  i n  t h e  loop,  t h e  loop bandwidth would always be  a f r a c t i o n  of 
t h e  symbol ra te .  

Under t h e s e  cond i t ions  cos $ ( t )  i s  p r a c t i c a l l y  cons t an t  over  t h e  
i n t e g r a t i o n  i n t e r v a l  T .  Thus t h e  fol lowing approximation holds  ( see  
appendix B): 

1 j T c o s  $ ( t ) d t  
1 

COS $ ( t )  ITd t  = COS + ( t )  ( 2 5 )
T o 0 

and i t s  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  e a s i l y  c a l c u l a t e d  ( see  appendix C ) :  

where 
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ST/N,, dB 

Figure 8.- Parametric error rate curves showing the effect of phase jitter. Column A labels the curves for different 
values of total RMS relative phase jitter between the carrier signal and the receiver VCO. Column B labels the 
curves for different receiver loop bandwidths ( ~ B L )assuming that the dominant source of relative phase jittcr 
is that which was measured on Pioneer VI - IX type of transmitter. 
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From p h y s i c a l  reasoning g ( z )  i s  expected t o  be a func t ion  of t h e  gene ra l  
shape shown i n  ske tch  ( c ) .  The mean va lue  of $ ( t )  i s  zero,  and t h e  h i g h e s t  
p r o b a b i l i t y  o f  $ ( t )  occurs  i n  t h e  r eg ion  about zero.  Since cos $ ( t )  i s  
approximately 1 i n  t h i s  r eg ion ,  t h e  h i g h e s t  p r o b a b i l i t y  of  cos $ ( t )  occurs  
n e a r  1. The p r o b a b i l i t y  o f  r e a l i z i n g  l a r g e r  va lues  of  t h e  magnitude of $ ( t )
decreases  smoothly according t o  t h e  gauss i an  p rocess ,  as t h e  magnitude of $ ( t )  
i n c r e a s e s .  Therefore ,  t h e  p r o b a b i l i t y  d e n s i t y  of  cos $ ( t )  would be expected 
t o  decrease smoothly as I $  ( t )  I i n c r e a s e s .  

Sketch(c )  

This  form f o r  t h e  phase j i t t e r  has been used t o  e v a l u a t e  

on a computer f o r  v a r i o u s  va lues  of 

(See appendix E f o r  t h e  d e t a i l s . )  Figure 8 i l l u s t r a t e s  t h e  r e s u l t s .  

Three important conclusions can be de r ived  from t h e  r e s u l t s .  F i r s t ,  i f  
t h e  t o t a l  phase j i t t e r  i s  low ($WS < 0.28  r a d ) ,  t h e  t e l eme t ry  performance i s  
n e a r l y  i d e a l  over t h e  range of Pe of i n t e r e s t  (Pe > 5 ~ 1 0 - ~ ) .The performance 
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matches t h e  t h e o r e t i c a l  e r r o r  curve f o r  coherent  PSK wi th in  0.2 dB f o r  
$RMs 0.2 r a d .  Second, f o r  h ighe r  va lues  of  t o t a l  phase e r r o r ,  t h e  normalized= 
s i g n a l - t o - n o i s e  r a t i o  f o r  t h e  t e l eme t ry  symbols r a p i d l y  l o s e s  in f luence  on t h e  
e r r o r  rates.  I t  can be shown t h a t  f o r  a given 4 ~ ~ st h e r e  i s  a Pe which 
cannot be reduced by any i n c r e a s e  i n  s i g n a l  s t r e n g t h  (see appendix E ) .  For 
example, i f  $RMS = 0.56, t h e  minimum Pe a t t a i n a b l e  would be approximately 
2 . 0 ~ 1 0 - ~ .Third,  i n  f i g u r e  6 ,  which i s  drawn f o r  o s c i l l a t o r s  such as those  i n  
Pioneer V I  through I X ,  i t  should be observed t h a t  $RMsi s  i n v e r s e l y  propor
t i o n a l  t o  t h e  r e c e i v e r  loop bandwidth i n  t h e  range o f  i n t e r e s t  (2BL I_ 1 2  Hz). 
Thus, f o r  any given maximum al lowable p r o b a b i l i t y  of e r r o r  i n  t e l eme t ry ,  a 
minimum r e c e i v e r  loop bandwidth i s  e s t a b l i s h e d .  For o t h e r  o s c i l l a t o r s  and 
o t h e r  ranges of Pe and 2BL,  a p r o p o r t i o n a l  r e l a t i o n s h i p  between ~ B Land 
I $ ~ Sw i l l  no t  be given i n  gene ra l ;  however, t h e  same min-max r e l a t i o n s h i p  
e x i s t s  between ~ B Land Pe .  Fo r tuna te ly ,  t h i s  bound o f t e n  l i e s  o u t s i d e  t h e  
range of Pe and ~ B L  of i n t e r e s t  t o  t h e  des igne r .  For Pioneer t e l eme t ry ,  
t h e  r e c e i v e r s  c u r r e n t l y  used have a minimum loop bandwidth of 3 Hz and thus  
t h e  e f f e c t  of Pioneer o s c i l l a t o r  i n s t a b i l i t y  on t h e  t e l eme t ry  i s  n e g l i g i b l e  
as shown by t h e  a n a l y s i s  r e s u l t s  i n  f i g u r e  8 column B .  

THE OSCILLATOR INSTABILITY MEASUREMENT SYSTEM 

The d i f f i c u l t y  i n  measuring $ [ t )  i s  t h a t  one must gene ra t e  a r e fe rence  
c a r r i e r  equ iva len t  t o  t h a t  of t h e  t e s t  o s c i l l a t o r  bu t  without t h e  $ ( t )  phase
j i t t e r .  A s  has been demonstrated above, i n  communications a t ime r e fe rence  
must be generated t o  measure o r  e x t r a c t  any phase modulation, i nc lud ing  PM 
t e l eme t ry .  In  f a c t ,  t h e  p r e c i s i o n  r e fe rence  source b u i l t  t o  e x t r a c t  $ ( t )  
con ta ins  a phase lock loop, j u s t  as a coherent PM r e c e i v e r  i s  b a s i c a l l y  a P L L .  
O f  course,  t h e  design i s  d i f f e r e n t  because t h e  emphasis i s  on reducing t h e  
se l f - induced  phase j i t t e r  t o  a minimum and on having a high s e n s i t i v i t y  t o  
phase v a r i a t i o n s .  The r e s u l t a n t  e x t r a c t e d  phase j i t t e r  i s  t h e  sum of t h e  
j i t t e r  from t h e  two sources ,  and hope fu l ly  t h e  phase j i t t e r  from t h e  measuring 
instrument w i l l  be small. One such device was developed and b u i l t ,  under 
NASA-Ames c o n t r a c t ,  t o  measure phase n o i s e  i n  t h e  t e l eme t ry  l i n k  f o r  t h e  
Pioneer s e r i e s  of s p a c e c r a f t .  I t  i s  c a l l e d  an O s c i l l a t o r  I n s t a b i l i t y  
Measurement System (OIMS), and c o n s i s t s  of an e x t r a c t i o n  s e c t i o n  
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Figure 9.- OIMS extraction section. 

( see  f i g .  9)  t h a t  e x t r a c t s  phase j i t t e r  from an in t e rmed ia t e  ca r r i e r  frequency 
of  10 MHz +1 pe rcen t  and a f requency conversion s e c t i o n  t h a t  mixes va r ious  
car r ie rs ,  used i n  t h e  Pioneer  t e l eme t ry  l i n k ,  down t o  10 MHz. To understand 
t h e  des ign ,  one s a l i e n t  p o i n t  must be demonstrated about phase j i t t e r .  I f  
t h e  passband f o r  t h e  c a r r i e r  i s  always broad with r e s p e c t  t o  S + ( w )  and t h e  
c a r r i e r  frequency i s  m u l t i p l i e d  by n ,  v i a  a n o n l i n e a r  device  

A COS n [2~rTt+4(t)] = A cos [2mTt+n+( t ) ]  

which means t h a t  t h e  power s p e c t r a l  d e n s i t y  S + ( w )  is  s c a l e d  up by n2
A 

bu t  t h e  
envelope shape i s  unchanged. L i k e w i s e ,  i f  n i s  less than  1, say  n = 1 / D ,  
S $ ( w )  i s  s c a l e d  down by 1 / D 2 .  For low phase j i t t e r ,  t h e  PLL f o r  t h e  OIMS has  
been b u i l t  around a frequency s t anda rd  with low phase j i t t e r .  Mixing i t s  
frequency wi th  a r e l a t i v e l y  no i sy  synthes ized  frequency,  which i s  p a r t l y  
vo l t age  c o n t r o l l e d  and frequency d iv ided  by D = 100 ( 1 / D 2  = produces 
a conbined frequency which i s  v a r i a b l e .  The d iv ided  syn thes i zed  component 
has  a low phase j i t t e r , a n d  t h e r e f o r e  t h e  phase j i t t e r  i s  s t i l l  small compared 
t o  most o s c i l l a t o r s .  
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Figure 9 shows i n  d e t a i l  how t h e  e x t r a c t i o n  s e c t i o n  o f  t h e  OIMS f u n c t i o n s ,  
The 10 +0.1 MHz r e f e r e n c e  i s  composed o f  two sources ;  a 9 MHz s i g n a l  which has 
t h e  s t a b i l i t y  o f  t h e  frequency s t a n d a r d ,  and a 1 50.1 MHz s i g n a l  which has  
components from t h e  s t anda rd ,  t h e  s y n t h e s i z e r ,  and a v o l t a g e  c o n t r o l l e d  
o s c i l l a t o r  o r  VCO (which i s  p h y s i c a l l y  p a r t  of t h e  s y n t h e s i z e r ) .  In  t h i s  
simple block diagram a l i n e a r  model i s  used t o  d e s c r i b e  t h e  non l inea r  elements 
t h a t  add and s u b t r a c t ,  and scale f r equenc ie s  up or down. F i l t e r i n g  and 
b u f f e r i n g  requirements are no t  shown i n  t h e  diagram. 

The 9 MHz s i g n a l  i s  generated by s imultaneously s c a l i n g  t h e  5 MHz from 
t h e  s t anda rd  up t o  10 MHz and down t o  1 MHz, t hen  t a k i n g  t h e  d i f f e r e n c e .  The 
o t h e r  component of t h e  r e f e r e n c e  1 . 0  kO.1 MHz s i g n a l  i s  generated by combining 
t h e  5 MHz s t a n d a r d ,  s c a l e d  up t o  60 MHz, with t h e  40 t 1 0  MHz ou tpu t  of t h e  
frequency s y n t h e s i z e r .  This  produces a 100 MHz + l o  MHz s i g n a l  which i s  s c a l e d  
down t o  1 50.1 MHz. The frequency of t h e  s y n t h e s i z e r  output  can be s e l e c t e d  
manually over a range o f  510 MHz and has automatic  t r a c k i n g ,  v i a  t h e  PLL,  o f '  
up t o  10 KHz from t h e  VCO i n  t h e  k i l o h e r t z  decade o f  t h e  s y n t h e s i z e r ,  This  
range, of course,  i s  s c a l e d  down t o  t O . 1  MHz and 100 Hz, r e s p e c t i v e l y .  

The e x t r a c t i o n  s e c t i o n  has  t h r e e  ou tpu t s  which are l i m i t e d  t o  baseband 
f r equenc ie s .  Each i s  bu f fe red  by low-pass f i l t e r i n g  a m p l i f i e r s  (not shown) 
with v a r i a b l e  g a i n ,  but  only t h e  most s e n s i t i v e  ou tpu t  t r a n s f e r  func t ions  are 
i n d i c a t e d .  The only output  of concern t o  t h i s  d i s c u s s i o n  i s  l abe led  PM f o r  t h e  
e x t r a c t e d  "phase modulating" s i g n a l  o r  e q u i v a l e n t l y  phase j i t t e r .  The 
e x t r a c t o r  a l s o  ou tpu t s  t h e  r e l a t e d  "frequency modulating" or FM s i g n a l  and a 
s i g n a l  p r o p o r t i o n a l  t o  any i n c i d e n t a l  "amplitude modulation" (AM) . 

The 10 MHz r e f e r e n c e ,  which is  generated as desc r ibed  above, w i l l  t r a c k  
t h e  phase and frequency o f  t h e  s i g n a l  under t e s t  without  i n t roduc ing  much 
phase j i t t e r  of i t s  own. Figure 10 shows t h e  r e s i d u a l  power s p e c t r a l  
d e n s i t y  of phase j i t t e r  f o r  t h e  OIMS e x t r a c t i o n  s e c t i o n  when operated i n  a 
s e l f - t e s t  o r  common mode condition. '  Under t h i s  cond i t ion  t h e  frequency s t a n 
dard a l s o  p rov ides  t h e  s i g n a l  t o  be t e s t e d  and thus  on ly  t h e  phase j i t t e r  due 
t o  t h e  PLL a m p l i f i e r s ,  phase d e t e c t o r ,  VCO, and s y n t h e s i z e r  i s  d i sp layed .  

Figure 11 shows t h e  power s p e c t r a l  d e n s i t y  of t h e  phase j i t t e r  f o r  a 
s imilar  e x t e r n a l  frequency s t anda rd  as e x t r a c t e d  by t h e  OIMS a t  10 MHz. If 
one can n e g l e c t  t h e  r e s i d u a l ,  and both s t anda rds  c o n t r i b u t e  e q u a l l y  t o  t h e  

'Note t h a t  t h e s e  p l o t s ,  which were taken d i r e c t l y  from low frequency 
spectrum a n a l y z e r s ,  a r e  i n  u n i t s  of S $ ( f )  rad2/Hz ve r sus  H e r t z .  The 
conversion t o  S$(w) i s  simple i f  one remembers t h a t  t h e  power i n  a f i x e d  
bandwidth i s  t h e  same, then  

AfCS$(f) = Awc S $ ( W )  

AfcS$ ( f )  = A ( 2 r f C )s$(0) 

t h e r e f o r e  

S$(f)  = 2TS4(W) 

The crosshatched area i n d i c a t e s  t h e  band of u n c e r t a i n t y  i n  t h e  measurement. 
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j i t t e r ,  t h e  amount a s s o c i a t e d  wi th  t h e  OIMS s t a n d a r d  i s  3 dB less than  t h i s  
p l o t .  Note t h a t  t h e  phase j i t t e r  o f  t h e  s t anda rd  i s  g r e a t e r  t han  t h e  common 
mode r e s i d u a l .  

The o t h e r  s e c t i o n  o f  t h e  OIMS i s  t h e  frequency conversion s e c t i o n  (not 
shown) and i t s  f u n c t i o n  i s  t o  heterodyne, up o r  down, s i g n a l s  under t e s t  i n t o  
t h e  range of t h e  e x t r a c t o r  (10 kO.1 MHz).  The phase j i t t e r  on t h e  l o c a l  
o s c i l l a t o r  i n  t h e  c o n v e r t e r  a l s o  must be as low as p o s s i b l e  s i n c e ,  when it i s  
mixed with t h e  s i g n a l  under t e s t ,  t h e  r e s u l t i n g  phase j i t t e r  power i s  t h e  sum 
of t h a t  o r i g i n a t i n g  i n  t h e  l o c a l  o s c i l l a t o r  and from t h e  i n p u t  s i g n a l .  Thus 
a l l  t h e  l o c a l  o s c i l l a t o r  f r equenc ie s  needed f o r  t e s t s  a r e  d i r e c t l y  syn thes i zed  
i n  t h e  conve r t e r  from t h e  frequency s t anda rd  used i n  t h e  e x t r a c t o r  s e c t i o n .  
Syn thes i s  i s  performed i n  t h e  same way as f o r  t h e  f r equenc ie s  needed i n  t h e  
e x t r a c t o r ,  so  t h e  frequency c o n v e r t e r  i s  not  desc r ibed  i n  d e t a i l .  

MEASUREMENT OF PIONEER OSCILLATION STABILITY 

Most measurements of t h e  Pioneer o s c i l l a t o r  s t a b i l i t y  were made a t  t h e  
in t e rmed ia t e  frequency of 114.6 MHz. Thus a mixing o r  l o c a l  o s c i l l a t o r  (LO) 
frequency of 104.6 MHz was generated f o r  t h i s  purpose i n  t h e  frequency 
conve r t e r .  The frequency mul t ip ly ing  and mixing from t h e  s t a n d a r d ' s  frequen
c i e s  (5 MHz, 1 MHz, and 100 KHz) a r e  r ep resen ted  by t h e  fol lowing equa t ion :  
LO = [ ( 2 0 x 5 )  + (4x1) + (6x0.1)] MHz. The phase j i t t e r  on t h i s  l o c a l  o s c i l l a t o r  
i s  dominated by t h e  f i r s t  term of 100 MHz. A s  was explained above, t h e  phase 
j i t t e r  of t h i s  term has t h e  same s p e c t r a l  shape as t h a t  o f  t h e  frequency 
s t anda rd  [ f i g .  l l ) ,  bu t  t h e  magnitude i s  s c a l e d  up by n2 = l o 2  o r  20 dB. 

Figure 12 shows a pl.ot o f  S $ ( f )  vs f f o r  t h e  Pioneer  o s c i l l a t o r  taken 
d i r e c t l y  from OIMS measurements o f  s e v e r a l  o s c i l l a t o r s  of t h e  same design;  
n o t i c e  t h a t  t h e  spectrum i s  considerably above S+ f o r  t h e  l o c a l  o s c i l l a t o r  
f o r  f r equenc ie s  below 100 H z ;  t hus  t h e  c o r r e c t  measurement o f  t h e  Pioneer  
o s c i l l a t o r  phase j i t t e r  i s  assured i n  t h i s  r eg ion .  Also n o t i c e  t h a t  t h e  shape
of S+ f o r  f r equenc ie s  below 100 Hz i s  l / f 3 .  The r a p i d  r o l l - o f f  of S+ f o r  
f r equenc ie s  above 1 . 5  KHz i s  caused by narrow band-pass f i l t e r i n g  of t h e  ou t 
pu t  of t h e  Pioneer o s c i l l a t o r .  I t  i s  t h i s  p l o t  t h a t  p rov ides  t h e  b a s i s  f o r  
t h e  terms A ,  B ,  and D used i n  t h e  c a l c u l a t i o n  o f  t h e  t o t a l  phase j i t t e r  i n  
t h e  Analysis s e c t i o n .  

From measurements made with t h e  OIMS it was p o s s i b l e  t o  s i m p l i f y  t h e  
gene ra l  problem o f  c a l c u l a t i n g  t h e  e f f e c t s  of phase j i t t e r  on t h e  t e l eme t ry  
performance by n e g l e c t i n g  terms i n  t h e  polynomial f o r  t h e  power s p e c t r a l  
d e n s i t y .  Knowing t h e  a c t u a l  magnitude and power s p e c t r a l  d e n s i t y  of t h e  te le 
metry o s c i l l a t o r  phase j i t t e r  made it p o s s i b l e  n o t  only t o  s o l v e  t h e  s p e c i f i c  
problem of determining t h e  o s c i l l a t o r ' s  e f f e c t  on Pioneer t e l eme t ry ,  but t o  
draw gene ra l  conclusions about cond i t ions  under which o s c i l l a t o r  phase j i t t e r  
i s  a c r i t i c a l  parameter.  
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Figure 12.- OIMS conversion and extraction of S4(0for a Pioneer VI-IX type of transmitter oscillator 
multiplied in frequency to 114.6 MHz. Spectral lines are omitted Cor clarity. 

CONCLUDING REMARKS 


It has been shown quantitatively that short-term oscillator instability
degrades telemetry performance. Instability was defined as a phase jitter
with a general power spectral density, S+(w) = A/w3 + B/w2 + C / w  + D, and the 
oscillator instability measurement system for extracting the phase jitter of 
an oscillator was described. The instability in the Pioneer VI through IX 
telemetry transmitter circuits was used as an example, to derive an expression 
for the total phase jitter expected from a telemetry receiver as a function 

of receiver loop bandwidth. Finally it was predicted analytically that even 

under strong signal conditions, oscillator instability can degrade telemetry 

performance if the receiver loop bandwidth is narrow. Unfortunately the 

complete theory was not verified with data since in the Pioneer telemetry 

system the effect of phase jitter was negligible. 


The oscillator instability measurement system was key to these results. 
Measurement of the power spectral density o f  the phase jitter on the oscillator 
was a necessary first step. The problem of the effect of oscillator instabil
ity on telemetry is too broad a topic to treat generally, and data were needed 

to limit the parameters properly. The problem has been solved for a specific 
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case in great detail so that it will be easy to apply the results with 

confidence to another similar telemetry problem. 


Ames Research Center 

National Aeronautics and Space Administration 


Moffett Field, Calif., 94035, March 11, 1971 
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APPENDIX A 

CALCULATION OF THE MEAN SQUARE VALUE OF THE 

INTERNAL PHASE JITTER 

In t h e  Analysis  s e c t i o n ,  t h e  expression f o r  t h e  phase j i t t e r  i n  a phase 
lock r e c e i v e r  was de r ived .  Presented h e r e  i s  t h e  eva lua t ion  of t h e  i n t e g r a l  
for t h e  phase j i t t e r ,  which i s  given by: 

-
G n  = fifs 4 ( w ) I l  - H(jw)12dw 

0 


The above expres s ion  r e p r e s e n t s  t h e  t o t a l  phase j i t t e r  o f  $ i n  i n  t h e  
sum-of-squares sense .  I t  a l s o  r e p r e s e n t s  t h e  va r i ance  of $ in  i f  $ i n  i s  a 
process  with zero mean; a t h i r d  i n t e r p r e t a t i o n  of cnwould be t h a t  it i s  
t h e  modulation power l o s s  on a car r ie r  frequency due t o  o s c i l l a t o r  phase 
j i t t e r .  The term S4(w)  i s  t h e  s i n g l e  s i d e d  "power" s p e c t r a l  d e n s i t y  of $ i n  
and has u n i t s  of r a d i a n s 2  p e r  r ad ian .  To re la te  S+(w) t o  a measurement made 
using t h e  OIMS (see p.  1 8 ) ,  it should be noted t h a t  S+(u )  = (1/27~) S + ( f )  where 
S4( f )  has u n i t s  of r a d i a n s 2  p e r  H e r t z .  Since S + ( f )  i s  measured by a sweeping 
wave ana lyze r ,  which sweeps only p o s i t i v e  f r equenc ie s ,  S + ( f )  i s  twice t h e  
d e n s i t y  used when i n t e g r a t i o n s  a r e  made over  t h e  whole frequency domain. 

To e v a l u a t e  t h e  i n t e g r a l ,  expand 1 - H(jw) and wri te  t h e  square o f  i t s  
magnitude 

Since 

and 1 z I 2  = z z *  where z* i s  t h e  complex conjugate  of z .  Thus 

I1 

w4-
(w4 - 2wn 2 2  + wn4) + 462wn2w2w 
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. .. . .. ... 

rBut f o r  a c r i t i c a l l y  damped PLL, 2 6  = ‘ 2, 462 = 2;  t h u s  

11 - H(jw) (A31 

The o t h e r  f a c t o r  i n  t h e  in t eg rand  i s  S$(w) which has  been shown t o  have 
t h e  gene ra l  expres s ion  A/w3  + B / 0 2  + C / w  + D .  However, approximations show 
t h a t  f o r  loop bandwidths o f  i n t e r e s t ,  only t h e  A - t e r m  i n  S$(w) i s  
s i g n i f i c a n t ;  t h u s  

Performing a change of v a r i a b l e ,  l e t  z = w2; t hen  dz = 2 w  dw and f o r  
o -< w < w i f ,  o -< &< - u i f ,  o r  o < z < w f f  _ 

( r e f .  7, p .  294) (AS) 

(A61 

s o  t h a t  

AExpression (A7) i s  exac t  f o r  t h e  t o t a l  RMS r e l a t i v e  phase e r r o r  i f  S+(w)  =-TJ 
i n  t h e  region of i n t e r e s t .  (However, t h e  proper  a p p l i c a t i o n  o f  t h e s e  r e s u l t s  
i s  p red ica t ed  upon t h e  PLL maintaining lock . )  
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APPENDIX B 

APPROXIMATION OF THE INTEGRAL OF A DECISION VARIABLE 

In t h e  Analysis  s e c t i o n ,  t h e  dec i s ion  v a r i a b l e  q was used i n  t h e  
expression f o r  t h e  p r o b a b i l i t y  of  e r r o r .  This d e c i s i o n  v a r i a b l e  i s  t h e  sum of 
two random components whose d i s t r i b u t i o n  must be determined. This  appendix 
concerns t h e  approximation -

jl’cos $ ( t ) d t  = cos $ 
T o  

which w i l l  p h y s i c a l l y  be j u s t i f i e d  f o r  t h e  choice of parameters .  The 
a l t e r n a t e  approximation 

T o’JT COS $ ( t ) d t  = -1 IT[l - $2( t ) ]d t
T o 

i s  n o t  advantageous i n  t h i s  ca se .  (The s u b s c r i p t  r r i n , r  again has been dropped 
from $ ( t )  f o r  s i m p l i c i t y . )  

The i n t e g r a l  of  a p h y s i c a l l y  occurr ing random process ,  such as cos $ ( t ) ,  
over d e f i n i t e  l i m i t s  of t i m e ,  i s  a random v a r i a b l e  (see appendix D ) .  Thus i n  
t h e  approximation 	-1 ITcos r$( t )d t  = cos $, t h e  random v a r i a b l eT o  
-1 ITcos $ ( t ) d t  i s  r ep laced  by t h e  random v a r i a b l e  cos $ t h a t  i s  obtainedT o  

from t h e  random process  cos $ ( t )  by f i x i n g  t h e  t ime t = to (with 0 < to -< T) .  


Proceeding with t h e  d i s c u s s i o n  of t h e  q u a n t i t y  $ $” cos $ ( t ) d t ,  

cons ide r  t h e  fol lowing h y p o t h e t i c a l  experiment. Suppose t h a t  a p a r t i c u l a r  
t ime func t ion  ( r e a l i z a t i o n )  from t h e  random process  cos $ ( t )  i s  t h e  inpu t  t o  
an averaging device t h a t  performs t h e  ope ra t ion  	1 JT. Thus t h e  output i sT o  
-T
1 ST cos r $ ( t ) d t ,  and t h e  ques t ion  a r i s e s ,  When i s  it n e a r l y  t h e  same as t h e  o 
i n s t an taneous  value of t h e  i n p u t ?  C l e a r l y ,  t h e  output  w i l l  be almost t h e  
same as t h e  inpu t  when t h e  inpu t  does no t  change apprec iab ly  i n  t h e  i n t e r v a l  
o f  time from 0 t o  T during which t h e  device performs i t s  averaging ope ra t ion .  
Consequently, t h e  r e l a t i o n s h i p  between t h e  f l u c t u a t i o n s  t h a t  t h e  inpu t  can 
undergo and t h e  averaging t i m e  T needs t o  be examined. Since i n  r e a l i t y  T 
i s  t h e  ( te lemetry)  symbol p e r i o d  and it i s  f i x e d  by t h e  given b i t  r a t e  +, it 
i s  p r e f e r a b l e  t o  s tudy t h e  changeab i l i t y  of t h e  i n p u t .  Furthermore, s i n c e  
t h e  inpu t  cos $ ( t )  t o  t h e  h y p o t h e t i c a l  averaging dev ice  i s  a func t ion  of 
$ ( t ) ,  it s u f f i c e s  t o  s tudy  t h e  f l u c t u a t i o n s  t h a t  $ ( t )  can undergo. Thus t h e  
power s p e c t r a l  d e n s i t y  t h a t  con ta ins  information about t h e  frequency 
content  of $ ( t )  w i l l  be 

S0s t u d i e d .  

In  t h e  a n a l y s i s  s e c t i o n ,  it was explained t h a t  t h e  phase j i t t e r  process  
$ ( t )  i n  a phase lock loop r e c e i v e r  has t h e  power s p e c t r a l  d e n s i t y  

Aw s4 (w) = w 4 + w  4 
n 
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over  t h e  frequency range o f  i n t e r e s t ,  and i s  n e g l i g i b l e  o u t s i d e  o f  t h i s  
range. Since So dec reases  as l / w 3  whenSb w i n c r e a s e s ,  $ ( t )  does n o t  con
t a i n  any high f r equenc ie s  w i t h i n  t h e  s i g n i f i c a n t  range. This  imp l i e s  t h a t  
cos  o ( t )  v a r i e s  on ly  s lowly s o  t h a t  i t s  ins t an taneous  va lue  is  c l o s e  t o  t h e  
average va lue  over a reasonably small i n t e r v a l  o f  t i m e .  Defining t h e  c u t o f f  
frequency fc  ( i n  Hertz)  as t h e  frequency a t  which t h e  va lue  of t h e  power 
s p e c t r a l  d e n s i t y  i s  3 dB below i ts  maximum va lue ,  a q u a n t i t a t i v e  r e l a t i o n 
s h i p  can be between t h e  l eng th  o f  time T over  which t h e  dev ice  
averages t h e  i n p u t  and t h e  frequency c h a r a c t e r i s t i c s  o f  $ ( t ) .  Since t h e  aver
aging dev ice  g a t h e r s  information about t h e  inpu t  only du r ing  a T-second in t e r 
v a l ,  an analogy t o  t h e  Sampling Theorem f o r  nonrandom s i g n a l s  may be drawn. 
According t o  t h i s  theorem, a time func t ion  con ta in ing  no f r equenc ie s  h i g h e r  
t han  f c  Hertz  can be completely c h a r a c t e r i z e d  by va lues  o f  t h e  f u n c t i o n  a t  
i n s t a n t s  of time sepa ra t ed  by 1/2fc  seconds. Applying t h e  theorem it be
comes ev iden t  t h a t  t h e  t i m e  func t ion  cos $ ( t )  does n o t  change much during t h e  

i n t e r v a l  T seconds when T < 1 / 2 f c .  Thus t h e  output f 4' cos $ ( t ) d t  from 
t h e  device performing t h e  ope ra t ion  T oI?' w i l l  be almost t h e  same as t h e  
i n p u t ,  cos $ ( t ) ,  f o r  some f i x e d  t between 0 and T < 1 / 2 f c .  Since t h e  t ime 
func t ion  cos $ ( t )  does n o t  f l u c t u a t e  much dur ing  t h e  T-second i n t e r v a l ,  it 
i s  c l e a r  t h a t  an a r b i t r a r y  p o i n t  to, with 0 < to r T ,  may be chosen t o  
r e p r e s e n t  t h e  average va lue  T oJ T  cos $ ( t ) d t  by t h e  in s t an taneous  va lue  
cos $ ( t o )  of t h e  t ime f u n c t i o n  cos $ ( t )  . Writ ing cos 4 f o r  cos $ ( t o ) ,  t h e  
approximat ion  

1ITcos $ ( t ) d t  = cos $ 
T o  

i s  obtained when T < 1 / 2 f c  with f c  t h e  3 dB c u t - o f f  frequency of S o .  
This approximation w i l l  be u s e f u l  i n  appendix E where t h e  d i s t r i b u t i o n  o f  t h e  
dec i s ion  v a r i a b l e  q w i l l  be determined. 

Now t h e  disadvantages t h a t  a r i s e  from t h e  a l t e r n a t e  approximation w i l l  
b r i e f l y  be i n d i c a t e d  ( r e f .  8 ,  pp. 192-195) 

1 
= 1 - 2~ I T 

$ 2 ( t ) d t  
0 

First  t h e  approximation, cos $ ( t )  2 1 - ( 1 / 2 ) 1 $ ~ ( t )when $(t) i s  small, must be 
made; then one has t o  determine t h e  d i s t r i b u t i o n  of t h e  random v a r i a b l e  

1-1 T $ 2 ( t ) d t .  The d i s t r i b u t i o n  of t h i s  random v a r i a b l e  has been only approx2T o 
imately found when ( i )  $ ( t )  i s  a normal p rocess  and ( i i )  f o r  power s p e c t r a  of 
t h e  form S$(w) = l / ( a  + w2) and of t h e  form S+(w) = constant  f o r  -wo< w < wo, 
S$(w) = 0 otherwise ( r e f s .  9, 10) .  Since i n  t h i s  model t h e  phase j i t t e r  
process  $ ( t )  i s  no t  o f  t h i s  type,  r a t h e r  $(t) has V i t e r b i ' s  d i s t r i b u t i o n  (as  

+s t a t e d  i n  t h e  a n a l y s i s  s e c t i o n )  and S$(o) = A ~ / ( q . 1 ~w4) ,  t h e  wealth of 
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e x i s t i n g  knowledge does not  he lp .  Fortunately t h e  physical  s i t u a t i o n  
suggested a s impler  approximation so  t h a t  t he re  was no need t o  use a number 
of approximations t h a t  do not  apply d i r e c t l y  t o  t h e  model. 
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APPENDIX C 


DERIVATION OF THE PROBABILITY DENSITY FUNCTION OF C O S  $ ( t )  

In  t h i s  appendix t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  g o f  t h e  random 
v a r i a b l e  Z ( t )  cos $ ( t )  , a t  a f i x e d  t ime t ,  i s  de r ived  from t h e  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  p o f  t h e  random v a r i a b l e  $ ( t ) .  Since $ ( t )  r e p r e s e n t s  t h e  
phase j i t t e r  p rocess ,  i t  was reasonable  t o  assume i n  t h e  a n a l y s i s  t h a t  i t s  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  has V i t e r b i ' s  form ( r e f .  3 )  

The r e a l  number $ s t a n d s  f o r  one va lue  of t h e  random process  $ ( t )  a t  time t .  
Let z s t and  f o r  t h e  ccrresponding value of t h e  transformed random process  
Z ( t )  = cos $ ( t )  a t  t h e  same time t .  

Now t h e  p r o b a b i l i t y  d e n s i t y  func t ion  g ( z )  w i l l  be  expressed i n  terms of 
t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p ( $ ) .  Since z i s  t h e  argument of t h e  
d e s i r e d  func t ion  g ( z )  and s i n c e  t h e  argument o f  t h e  given func t ion  p($)  i s  
$, f i r s t  $ i s  ob ta ined  as a func t ion  of z s o  t h a t  p($) can be w r i t t e n  i n  
t h e  form p [ $ ( z ) ] .  From z = cos $ it fo l lows  t h a t  $ = $(z)  = C O S - ~ Z .  Now 
f o r  any given r e a l  number zo  t h a t  l i e s  between -1 and 1, t h e  equat ion 

A +  
I 

I 
I has two s o l u t i o n s ,  denoted by
I 

$2 = - 4 1  

which w i l l  subsequently be 
used i n  t h e  argument of t h e  

Figure 13.-The function cos -'z. func t ion  p (9) . 
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The t r ans fo rma t ion  cos 4 = z of t h e  va lue  @ (of t h e  random v a r i a b l e  
$ ( t )  f o r  f i x e d  t )  t o  t h e  corresponding value z (of t h e  new random v a r i a b l e  
Z )  t ransforms t h e  p r o b a b i l i t y  element [p(@1) + p(42)]d@ t o  t h e  corresponding 
p r o b a b i l i t y  element g(zo)dz.  In f a c t ,  t h e  two p r o b a b i l i t i e s  are equa l ;  
t h a t  i s ,  

because p r o b a b i l i t y  must be conserved under t h e  t r ans fo rma t ion .  This t r a n s 
formation of p r o b a b i l i t y  can be r ep resen ted  g r a p h i c a l l y  as a t r ans fo rma t ion  of 
a r e a  elements i n  f i g u r e  1 4 .  (Note t h a t  t h e  sum of t h e  a r e a s  of t h e  shaded 
elements equals  t h e  a r e a  of t h e  crosshatched element .) 

I' 


T h e  crosshatched 
area is g (2,) dz 

The  shaded areas are 
P (6)+ P ( + z ) ]  d+ 

-+ 
-?r +I 0 +2 

Figure 14.-The transformariori of probabilities. 

As can be seen i n  f i g u r e  14,  t h e  magnitude o f  t h e  d e r i v a t i v e  
d@/dz = (d cos - l z ) /dz  a t  t h e  p o i n t  zo  i s  t h e  s c a l e  f a c t o r  by which t h e  
shaded a reas  a r e  transformed t o  t h e  crosshatched a r e a .  From t h i s  geometr ical  
reasoning,  which i s  based on t h e  p r i n c i p l e  of conservat ion o f  p r o b a b i l i t y ,  t h e  
general  r e l a t i o n s h i p  fol lows 
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which expres ses  t h e  t r ans fo rma t ion  of p r o b a b i l i t i e s  under t h e  t r ans fo rma t ion  
cos $ = Z of random v a r i a b l e s .  Computing 

1 
-- z # +1
di77 

and r e a l i z i n g  t h a t  p i s  an even f u n c t i o n ,  t h a t  i s ,  

(because $2 = -$ l ) ,  t h e  formula 

i s  obtained.  The v a r i a b l e  $ i s  r e s t r i c t e d  t o  t h e  i n t e r v a l  -T < $ < TT, 

and z = cos $ i s  r e s t r i c t e d  t o  t h e  i n t e r v a l  -1 < z < 1. When e i t h e r  
z < -1 o r  z > 1, t h e r e  a r e  no values  o f  $ corresponding t o  t h e s e  va lues  
of z .  Thus t h e  p r o b a b i l i t y  t h a t  e i t h e r  t h e  random v a r i a b l e  Z < -1 o r  Z > 1 
i s  0. 

AThis completes t h e  proof t h a t  t h e  random v a r i a b l e  Z = cos $ has t h e  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  

dl - Z L  
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Figures  15 and 16 show t h i s  p r o b a b i l i t y  d e n s i t y  func t ion  f o r  va r ious  va lues  
of  t h e  parameter  04 4 1/& and f i g u r e  15 a l s o  shows t h e  t ransformat ion  o f  
P(0) t o  g ( z ) .  

3.0 


1.8 I I I 

2.5 

1.6 

2.0 
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1.2 

1.0 

g(z) 

.8 
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.4 

.2 
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Figure 15.- Transformation of PDF under the change of 
variables from “4” to “cos 4.’’ The PDF’s are drawn 
to scale for u4 = 0.56. 01 = 0.312 (a  = I/u$); 
p(4) is on the cylinder of unit radius, perpendicular to 
the x-y plane; $I is on the unit circle; g(cos $I) is in the 
x-z plane; cos C#J is on the x-axis; d F  denotes elements 
of probability. 
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Figure 16.-Probability density function; 
~ ( z )= eaT/nI(a)(1 - z2 ;’ ”,a = 1/u$. 
for  two values of u ~ .  



APPENDIX D 

DERIVATION OF THE PROBABILITY DENSITY FUNCTION OF 	 'IT n ( t ) d t  
KT o 

The d e c i s i o n  v a r i a b l e  q was used i n  t h e  expres s ion  f o r  t h e  p r o b a b i l i t y  
of  e r r o r  a s s o c i a t e d  with a t e l e m e t r y  s i g n a l .  This  d e c i s i o n  v a r i a b l e  i s  t h e  

sum of two random components. The first random component 1 I T c o s  $ ( t ) d t  

was t r e a t e d  i n  appendixes B and C .  The second random component KT 4T n ( t ) d t ,
where K i s  a real  c o n s t a n t ,  w i l l  be d i scussed  he re .  

I t  w i l l  be necessa ry  f irst  t o  g ive  a p h y s i c a l  meaning t o  t h e  q u a n t i t y  

-T 
1 4 T n ( t ) d t .  The random process  n ( t )  c o n s i s t s  of a c o l l e c t i o n  of de t e rmin i s 
t i c  time func t ions  ( r e a l i z a t i o n s )  t h a t  can be r ep resen ted  i n  t h e  s e t  
{ n l ( t ) ,  n 2 ( t ) ,  . . . , n i ( t ) ,  . . . , n k ( t ) ,  . . . 1 .  In  any one p a r t i c u l a r  
experiment, one t ime f u n c t i o n ,  n i ( t )  i s  i n t e g r a t e d  over  an i n t e r v a l  of T 
seconds y i e l d i n g  t h e  number (T n i ( t ) d t .  Then t h i s  number i s  d iv ided  by t h e  

i n t e g r a t i o n  time T g iv ing  t h e  number 	 -1 JT n i ( t ) d t  which i s  recognized as
T o  

t h e  time average of  t h e  f u n c t i o n  n i ( t )  over t h e  i n t e r v a l  o f  T seconds.  
When t h i s  experiment i s  r epea ted ,  a d i f f e r e n t  t ime f u n c t i o n ,  n k ( t )  i s  involved 

whose time average 	 1 JT n k ( t ) d t  i s  computed. Continuing t h e  experiments i nT o 
t h i s  manner, a c o l l e c t i o n  o f  time averages i s  obtained which may be r ep re 

1sented i n  t h e  s e t  {-1 lTn l ( t ) d t ,  T J,' n 2 ( t ) d t ,  . . . , -1 ITn i ( t ) d t ,  . . . ,
0L j T n k ( t ) d t ,  . . T) ? The elements o f  t h i s  s e t  are real  numbers t h a t

T o 
r e s u l t e d  from having performed t h e  experiments 1, 2 ,  . . . , i, . . . , 
k ,  . - . . Before each of t h e s e  experiments it was n o t  known which one o f  t h e  
time func t ion  averages would be computed. Consequently, it was a l s o  n o t  known 
which one of t h e  elements i n  t h e  above s e t  would be t h e  outcome of t h e  p a r t i c 
u l a r  experiment.  This ignorance r ende r s  t h e  s e t  above a random c o l l e c t i o n ,  
and it i s  r ep resen ted  by t h e  symbol 	 -1 ITn ( t ) d t  t h a t  i s  c a l l e d  a randomT o  
v a r i a b l e  i n  p r o b a b i l i t y  theo ry .  Thus, f o r  any random process  such as n ( t ) ,  
from which t h e  i n t e g r a l  over a cons t an t  i n t e r v a l  T of t ime i s  computed, such 
as ITn ( t ) d t ,  a random v a r i a b l e  i s  obtained.  Figure 17 summarizes g r a p h i c a l l y

0 
t h e s e  i n t r o d u c t o r y  remarks. The sum of t h e  shaded a r e a s  above t h e  t - a x i s  minus 
t h e  sum of t h e  crosshatched a reas  below t h e  t - a x i s  r e p r e s e n t s  T t imes t h e  
time average of t h e  r e s p e c t i v e  t ime f u n c t i o n .  Figure 17 i s  drawn f o r  an 
a r b i t r a r y  random process  n ( t ) ;  i n  t h e  fol lowing d i scuss ion  n ( t )  w i l l  s t and  
f o r  a white ,  Gaussian n o i s e  p rocess .  

Now some q u a l i t a t i v e  s ta tements  follow about t h e  random v a r i a b l e  
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I n  t h e  a n a l y s i s  it was 
assumed t h a t  t h e  n o i s e  
p rocess  n ( t )  obeys t h e  
normal p r o b a b i l i t y  l a w  
with zero mean and v a r i 
ance u2 s o  t h a t  t h e  
prob abi1ity dens ity 
f u n c t i o n  of n ( t )  i s  

I I f o r  -m < n < m. This 
t = O  t = T  means t h a t  t h e  n o i s e  

I n t e g r a t i o n  in terva l  process  n ( t )  t a k e s  a 
va lue  nk i n  t h e  i n t e r v a l

Figure 17.- Typical time functions from the random process n(t). from a t o  a + dn with 
probabi  l it y  

-n:-
h(nk)dn = - e 2a2 dn 

a d 2 7  

When t h e  va lue  nk approaches i n f i n i t y ,  t h e  p r o b a b i l i t y  l i m  h(nk)dn of 
2 nk

t h i s  happening t ends  t o  0 a t  t h e  r a t e  e-nk. Thus it fol lows t h a t  t h e  
i n t e g r a l  [ T n ( t ) d t  e x i s t s  and converges f o r  almost a l l  t ime func t ions  i n  t h e  
set  { n l ( t ) ,  n 2 ( t ) ,  . . . 1 = n ( t ) .  Davenport and Root ( r e f .  11) show t h a t  
under t h e s e  cond i t ions  t h e  i n t e g r a l  of a normal. random process  i s  i t s e l f  
normally d i s t r i b u t e d .  Since a normal random v a r i a S l e  i s  s t a t i s t i c a l l y  com
p l e t e l y  s p e c i f i e d  by g iv ing  i t s  mean and v a r i a n c e ,  it i s  necessary t o  d e t e r 
mine only those  parameters i n  o r d e r  t o  write i t s  p r o b a b i l i t y  d e n s i t y  func t ion .  

The fol lowing i s  t h e  determinat ion of t h e  mean E C Y ) ,  and t h e  va r i ance  
0; of t h e  random v a r i a b l e  

t h a t  r e p r e s e n t s  1 / K  times t h e  time average of t h e  random process  n ( t )  over  
t h e  i n t e r v a l  of l eng th  T seconds.  Since t h e  e x p e c t a t i o n  E i s  l i n e a r  
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Since t h e  mean E{n( t ] l  o f  t h e  n o i s e  p rocess  n ( t )  was assumed t o  be 0,  i t  
fol lows t h a t  

E ( Y )  = 0 

In such a case t h e  va r i ance  0; 9 E{[Y - E { Y ) I 2 )  reduces t o  t h e  mean square 
value E{Y2)  which w i l l  be computed n e x t :  

E{Y2)  = E(($ 

(KT) E ( I T l T n ( t ) n ( u ) d t  du--4 0 

Since t h e  double i n t e g r a l  i n  t h e  second equat ion above can be regarded as t h e  
l i m i t  of a double sum, and s i n c e  a double sum i s  simply one l a r g e  sum, t h e  
l i n e a r i t y  o f  t h e  expec ta t ion  E allows us t o  in t e rchange  t h e  o r d e r  o f  
expec ta t ion  and i n t e g r a t i o n .  Thus 

n ( t ) n ( u ) d t  d u )  = J T j T E I n ( t ) n ( u ) ) d t  du 
0 0 

= tTJTQ ( t , u ) d t  du 
0 

where Rn is t h e  a u t o c o r r e l a t i o n  f u n c t i o n  of t h e  n o i s e  process  n ( t )  which i s  
a l s o  assumed t o  be s t a t i o n a r y  so t h a t  Rn(t ,u)  = Rn(t-u) .  Since 
Sn( f )  = ( N 0 / 2 )  W/Hz f o r  -m < f < a, it follows from t h e  Wiener-Khintchine 
Theorem1 t h a t  

Rn(t - U )  = 3 - ’ I S n ( f ) I  

- No & ( t  - u) watts 
2 

~~ ~ 

lThe Wiener-Khintchine Theorem s ta tes  t h a t  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
and power s p e c t r a l  d e n s i t y  of a wide sense s t a t i o n a r y  process  are a F o u r i e r  
t ransform p a i r .  
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where t h e  symbol 3-l denotes  t h e  i n v e r s e  F o u r i e r  t r ans fo rma t ion .  Using one 
o f  t h e  p r o p e r t i e s  of t h e  Dirac d e l t a  f u n c t i o n ,  t h a t  i s ,  

/6(w)dw = 1 

and with t h e  l i m i t s  on t h e  i n t e g r a l  s u i t a b l y  chosen, t h e  fol lowing equat ions 
can be w r i t t e n :  

T T  T No11R , ( t  - u ) d t  du = /T 1 76 ( t  - u ) d t  du 
0 0  0 0  

Thus t h e  mean square va lue  

2i s  obtained which equals  t h e  v a r i a n c e  oy of t h e  random v a r i a b l e  

Y = I T n ( t ) d t
KT 0 

Th p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of Y t hen  i s  

- 2  
I
1 2 (No/2K2T) 

for -m < y < 03 . This completes t h e  determinat ion of  t h e  p r o b a b i l i t y  d e n s i t y  
1func t ion  o f  t h e  random v a r i a b l e  KT ITn ( t ) d t ,  t a k i n g  r e a l  va lues  y ,  t h a t  i s  

0 

t h e  second random component i n  t h e  d e c i s i o n  v a r i a b l e  q .  



APPENDIX E 

EVALUATION OF SYMBOL ERROR PROBABILITY 

In t h e  a n a l y s i s  t h e  express ion  

r ep resen ted  t h e  p r o b a b i l i t y  o f  e r r o r  where i s  t h e  p r o b a b i l i t y  d e n s i t y  
func t ion  o f  t h e  d e c i s i o n  v a r i a b l e  q .  Sincepqt h e  random v a r i a b l e  q i s  t h e  
sum of  two independent random v a r i a b l e s  wi th  p r o b a b i l i t y  d e n s i t y  func t ions  
and g,  r e s p e c t i v e l y ,  it fo l lows  from t h e  Convolution Theorem' t h a t  

h 

=ilu2
h(x  - u)g(u)du 

I n  appendix D t h e  p r o b a b i l i t y  d e n s i t y  func t ion  

- X 2  

h (x)  = 1 2 (No/2K2T) 9 --a3 < x < -a3 ( E 3 )  

and i n  appendix C t h e  p r o b a b i l i t y  d e n s i t y  func t ion  

were de r ived .  S ince  t h e  func t ion  g(u)  i n  t h e  in t eg rand  of  ( E 2 )  i s  zero f o r  
va lues  o f  t h e  argument u t h a t  a r e  o u t s i d e  o f  t h e  i n t e r v a l  from -1 t o  1 and 
s i n c e  t h e  argument x - u o f  h i s  u n r e s t r i c t e d ,  t h e  range o f  i n t e g r a t i o n  has  
only  t o  extend from ul = -1 t o  u2 = 1. (This observa t ion  can be proved 
r i g o r o u s l y  by t h e  method o u t l i n e d  i n  t h e  a r t i c l e  c i t e d  i n  t h e  f o o t n o t e . )  

'The concept o f  convolut ion and i t s  phys ica l  meaning are l u c i d l y  
presented  i n  t h e  a r t i c l e  by T .  J .  Healy, r e fe rence  1 2 .  
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S u b s t i t u t i n g  t h e  i n t e g r a l  f o r  pq i n t o  t h e  expres s ion  f o r  t h e  p r o b a b i l i t y  
of e r r o r  ( E l )  r e s u l t s  i n  

Now Pe w i l l  be expressed i n  terms of t a b u l a t e d  func t ions .  Since t h e  
integrand h (x  - u)g(u)  i s  ( abso lu te ly )  continuous f o r  -1 < u < 1 and 
-m < x < 0 ,  t h e  o r d e r  of i n t e g r a t i o n  may be interchanged SO t h a t  

Now de f ine  

v = - x - uA 
d2 (No/2K2T) 

where u i s  f i x e d ,  s o  t h a t  

dx = - d2(No/2K2Tjdv 

The l i m i t s  of  i n t e g r a t i o n  1: = --oo and x = 0 become v = and 

U A v =  2(N,/2K2T) = 

Then t h e  i n t e g r a l  i n  b racke t s  of ( E 6 )  i s  w r i t t e n  

having used t h e  formula 

The co -e r ro r  func t ion ,  e r f c ,  i s  def ined by ( r e f .  4 ,  e n t r y  7 . 1 . 2 )  



-- 

s o  t h a t  

fwe-v2 dv = -21 e r f c ( v g )
6'VR 

The f i n a l  expression f o r  t h e  p r o b a b i l i t y  o f  e r r o r  i s  

pe =+L'e r f c [  U 

d 2  (No/2K2T) 1 
where 

1 0  , otherwise 

and 

i s  t h e  modified Bessel func t ion  of o r d e r  zero ( r e f .  4 ,  e n t r y  9 .6 .19) .  Also,  

1 1 1-
,.2-a =  o r  

2 U2 ' 'in 

s i n c e  t h e  mean of $in i s  zero.  

The f i n a l  q u e s t i o n  concerns t h e  form t h a t  t h e  expression f o r  Pe assumes 
under s t r o n g  s i g n a l  c o n d i t i o n s .  Under such cond i t ions  t h e  random v a r i a b l e  
Y = 1ITn ( t ) d t  i s  much more l i k e l y  t o  take on small values  than l a r g e .

KT 0 
Since 08 = No/2K2T t h e  va r i ance  of Y ( o r  t h e  n o i s e - t o - s i g n a l  r a t i o ) ,  a 
s t r o n g  s i g n a l  cond i t ion  i s  then  equ iva len t  t o  t h e  requi.rement t h a t  
become van i sh ing ly  small. I n  such case t h e  p r o b a b i l i t y  d e n s i t y  h(y)

cry' 
of Y 

w i l l  be l a r g e  about i t s  mean E ( Y 1  = 0 and w i l l  decrease r a p i d l y  f o r  va lues  
y away from t h e  mean. I n  t h e  l i m i t  as cry' approaches 0 ,  a l l  p r o b a b i l i t y  
i s  concentrated a t  t h e  mean, t h a t  i s ,  

Y2 

l i m  h(y) = l i m  -1 e 2+ 

0y+o oy+o "*a 
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F r o m  t h e  s i f t i n g  p rope r ty  

it fol lows t h a t  

when cs + 0.  Thus 

because g(x) = 0 f o r  x < -1. S u b s t i t u t i o n  of  t h e  p r o b a b i l i t y  d e n s i t y  
func t ion  g y i e l d s  t h e  expression  

1 0 eaX 

f o r  t h e  p r o b a b i l i t y  of e r r o r  under s t r o n g  s i g n a l  cond i t ions .  In t h i s  ca se  Pe 
equa l s  t h e  p r o b a b i l i t y  of  cos 4 t ak ing  nega t ive  values  which i s  a func t ion  
of t h e  va r i ance .  Evaluat ion by computer showed t h a t  t h e  previous expression 
f o r  Pe ( con ta in ing  t h e  c o - e r r o r  func t ion  e r f c )  y i e l d s  t h e  same values  f o r  
Pe when ay  i s  small as does t h e  preceding expres s ion .  Figure 8 shows Pe 
as a func t ion  o f  t h e  s t anda rd  d e v i a t i o n  of $ i n  and as a func t ion  of

4 ST (expressed i n  dB). 
2(No/2K2T) No 
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